We report results of an experimental study of Faraday waves that were formed on the interface between two immiscible liquids in a cylindrical cell when it was oscillated vertically. The effects of the volume filling ratio on the bifurcation set associated with the onset of the fundamental axisymmetric mode was investigated systematically. In particular, results are presented for the subharmonic regime of the control parameter space where the response was greatest. Both superand subcritical bifurcations are uncovered, with hysteresis in the latter case. The extent of the hysteresis is observed to strongly depend on , suggesting that nonlinear damping effects are influenced by this parameter. At large drive amplitudes, a precessional periodic motion was found to develop via a Hopf bifurcation. This mode was observed to disappear catastrophically at an excitation frequency equal to 1.853Ϯ0.006 times the natural frequency of the resonant mode.
I. INTRODUCTION
The onset of waves on the free surface of a liquid that is subjected to a periodic vertical excitation has been the subject of considerable research, and extensive reviews of the literature are provided by Miles and Henderson 1 and Müller et al. 2 The phenomenon is often referred to as the Faraday wave instability after Faraday's original observations of waves on the surface of mercury. 3 More recently, the system has stimulated considerable interest as an example of a pattern-forming system that has rich structure. 4 Here, we consider a variant of the original free-surface problem by studying the effects on the principal bifurcation structure of adding a second immiscible liquid, as studied theoretically by Kumar and Tuckerman. 5 In free-surface experiments, at sufficiently small excitation amplitudes, the surface of the liquid is mainly featureless, except for some small ripples associated with the oscillating meniscus. 6 This essentially flat mode can be related to the trivial state of mathematical models in which the fluid layer is considered to be infinite and the surface is perfectly flat at all drive frequencies. Hence, the liquid layer moves as a solid body in phase with the parametric drive. However, at larger drive amplitudes, this state exchanges stability with one in which waves appear spontaneously on the surface. In experiments, the most commonly observed instability involves a subharmonic mode that arises via a period-doubling bifurcation, although other modes are possible. 1, 2, 7 The bifurcation, which gives rise to the subharmonic mode, may be either super-or subcritical, and it is the resulting waves and the bifurcations that give rise to them that form the focus of our study.
An interesting extension to the free-surface problem just described is provided by the vertical excitation of the interface of two immiscible liquid layers, which was first studied theoretically by Kumar and Tuckerman. 5 They report the results of a Floquet analysis of the linearized Navier-Stokes equations for an interfacial system of infinite lateral extent. The neutral stability curves are calculated and the results compared to a quasi-inviscid model in which a wavenumber-dependent damping term ␥, of the form
is added to an extended version of the inviscid theory of Benjamin and Ursell. 7 ͑Here, 1 , 2 , 1 , and 2 are the viscosities and densities of the fluids of depths h 1 and h 2 , respectively, and k is the wave number.͒ They found that no amount of ''tuning'' of the fluid parameters enables quantitative agreement between results obtained using the model and those from the full equations of motion. This modified Faraday system provides novel directions for research since the two fluids can be chosen such that they have closely matched densities so that the effective gravitational field can be reduced by up to an order of magnitude. Hence, significantly larger wave amplitudes can be observed compared to the analogous single layer system, and the waves do not break. In our experiment, this reduced gravity 8 also decreases the required drive frequencies by a third and increases excitation amplitudes by a factor of 60 with respect to the equivalent single-layer setup. This ''stretching'' of the experimental control parameter space allows a detailed investigation of the bifurcation structure, with experimental control typically within 0.1%.
Our experimental system is small in order to limit the number of available modes. In small-scale experiments, side-wall boundaries can play a significant role in determining the dynamics of the surface. The presence of a meniscus leads to parasitic surface ripples being emitted from the sidewalls. 6 Attempts to minimize or control these effects include pinning, where the surface is pinned at the boundaries, 6 or using deliberately made soft ''beaches'' near the rim of the cell. 9 The practical benefits of these techniques enable cleaner experiments to be performed. However, it is not easy to construct mathematical models of these boundary conditions, so that quantitative comparisons between theory and experiment are difficult. Specifically, extending Kumar and Tuckerman's 5 work to include the effects of sidewall boundary conditions remains an unsolved and challenging theoretical problem. We therefore chose to use ''natural'' boundary conditions with the hope that comparisons with available theory can be made.
Previous research on the interfacial arrangement has generally considered the problem as a variant of an internal wave system. 10, 11 All the experimental work to date involves the additional complication of a free surface in addition to the interface between the two fluids. 10, 12 Benielli and Sommeria 10 report that this free surface remains undisturbed in the parameter regimes they studied. However, the results reported here suggest the form of the upper boundary condition has a significant quantitative effect on the dynamics of the system. In particular, we show that the magnitude of the hysteresis involved in the subcritical bifurcations is strongly dependent on the relative sizes of the fluid layers. As shall be discussed subsequently, the form of this bifurcation structure suggests that the magnitudes of any nonlinear dissipative terms are significantly altered by the proximity of the upper and lower cell walls to the liquid-liquid interface.
We discuss the design and construction of the experimental apparatus and describe the procedures used to obtain the measurements in Sec. II. This is followed by a discussion of the experimental results where we focus on the observed bifurcation structure and compare the results with available theory. We obtain surprisingly good agreement with simple models including collapse of the data obtained with a range of filling fractions. A novel feature of our results is the onset of a precessional mode at a Hopf bifurcation, and this, together with comments on boundary conditions, forms the focus of our discussion.
II. APPARATUS AND PROCEDURE
The experimental work reported here was carried out with a fully filled and sealed cylindrical cell. This effectively removed the possibility of post-filling contamination by microscopic particles so that reproducible results were obtained over periods of months. We concentrate on the measured bifurcation structure associated with the behavior of the fundamental axisymmetric mode, which is shown in the photograph in Fig. 1 . The plexiglass cell shown here had dimensions similar to the precision machined stainless steel cell used for the majority of the experiments. The metal cell provided superior boundary conditions over the machined plexiglass cylinder. Moreover, the surface properties of the metal cell remained constant over the entire period of the investigation, whereas it is known that machined plexiglass slowly absorbs water and distorts.
This standing-wave mode had a spatial structure that is well described by inviscid water-wave theory. 5, 7, 8 Hence, the interfacial profile is given by x(t,r)ϭ(t)J 0 (k 1 r), where (t) is some time-dependent amplitude and J 0 (kr) is a zeroth-order Bessel function of the first kind, with wave number k 1 . 13 The radial coordinate r is the distance from the axis of the cell, and a better than 1% least squares fit of this profile to the data was obtained.
The fluids used were distilled and degassed water and the light silicone oil, hexamethyldisiloxane. The temperature of the environment was maintained at 19.5Ϯ0.4°C. The water had a density of 997.5Ϯ0.5 kg m Ϫ3 and a viscosity of 1.033Ϯ0.009 mm 2 s Ϫ1 , whereas the silicone oil had a density 766.0Ϯ0.5 kg m Ϫ3 and a viscosity of 0.670Ϯ0.003 mm 2 s Ϫ1 . These properties were measured using a precision hydrometer and a suspended level viscometer, respectively. The use of these two fluids gave an effective reduced gravity of (0.1313Ϯ0.007)g. The fluids were contained in a machined cylindrical stainless steel cell of diameter 35.22Ϯ0.03 mm. The ends of the cell were formed by two circular glass windows that were sealed onto the steel cylinder by a pair of o-rings.
The lower wall was inserted and a titration pipette was then used to measure the required volume of water into the cell. The remainder of the cell was then completely filled with silicone oil and the upper window clamped in place, ensuring that no air bubbles were trapped within the cell. A filling parameter was calculated such that ϭV w /V t , where V w is the volume of water and V t is the total volume of the cell, which was measured to be 59.0Ϯ0.1 ml.
The cell was oscillated sinusoidally and vertically using a scotch-yoke compound bearing driven by a servocontrolled dc electric motor. This allowed the frequency of oscillation to be varied in small steps at a preset fixed amplitude A. The excitation was monitored using a linear vari- able displacement transformer ͑LVDT͒, which produced a voltage signal proportional to the relative height of the platform. Spectral analysis of this displacement signal revealed that the total harmonic content of the drive was less than 0.02% of the drive.
Surface deformations were monitored using a modified version of a technique first proposed by Gollub and Meyer. 14 In this study, a laser beam was shone through the cell onto a position-sensitive detector ͑PSD͒. The voltage output from the detector was proportional to the gradient of the interface for slopes of up to around 45°. The signal of the LVDT and the PSD were simultaneously sampled using a 12-bit analogue to digital converter and the time series recorded on a computer. Analysis of the dynamical structure was performed using a Poincaré section method in which the drive period defined a return time. It was found that return maps constructed from sequences when the drive signal was increasing through zero provided the best signal-to-noise ratio.
The choice of fluids meant that the hydrophobic silicone oil preferentially wet the stainless steel wall and provided a thin oil layer near the junction of the liquid-liquid interface and the cell wall. This allowed the interface to slip and appeared to minimize stick-slip problems at the wall. 15 Smallamplitude-meniscus driven waves with a frequency equal to the drive were, however, observed below threshold. These waves are caused by the shape of the meniscus changing as a function of time as the effective gravitational field in the cell varied. 6 The amplitude of the ripples was Ϸ0.1 mm and were therefore considerably smaller than the subharmonic Faraday waves, which had amplitudes on the order of 10 mm and did not affect the principal dynamics of the system.
III. RESULTS
The fundamental axisymmetric mode shown in Fig. 1 arose at a period doubling bifurcation. The mode was phase locked with the drive at precisely half its frequency. An example of a measured typical response diagram is shown in Fig. 2 for a cell with ϭ0.508Ϯ0.006 and a drive amplitude of Aϭ0.990Ϯ0.003 mm. This was constructed by sweeping the drive frequency slowly through a narrow frequency band near 6 Hz and measuring the response of the PSD as the parametric drive signal increased. The response diagram has two branches since the motion is subharmonic, and hence can be either positive or negative at a chosen point of the drive cycle. The drive frequency was altered in steps of Ϯ8.3 mHz and left to relax for 2 min before sampling the drive and response signals for a further 2 min. These waiting periods were found to be long enough to obtain repeatable estimates of the critical points. The value of the PSD signal at the selected return time was used as the measure of the response, and it is shown plotted as a function of the drive frequency in Fig. 2 . A hysteretic region of parameter space was found for drive frequencies less than twice the natural frequency of the fundamental axisymmetric mode. In this example, three distinct critical frequencies can be seen. One is at f b ϭ6.408Ϯ0.004 Hz, when the base state became unstable via subcritical period doubling bifurcation as the drive frequency is increased. Yet a further increase leads to the restabilization of the base state via a supercritical bifurcation at f p ϭ6.598Ϯ0.004 Hz. On the other hand, reducing the drive frequency when the axisymmetric mode is present results in the loss of stability of the period doubled state at f n ϭ6.276Ϯ0.004 Hz. This is a saddle-node bifurcation, and the system returns to the base state after a short transient.
The bifurcation set associated with the onset of the fundamental axisymmetric mode was measured by noting the critical frequencies for the super-and subcritical period doubling bifurcation and saddle-node bifurcation and plotting them as a function of drive frequency for a range of drive amplitudes and filling parameters. A stability diagram was then constructed by plotting critical points in the frequency amplitude parameter plane. The measured bifurcation set for a cell prepared with a filling parameter of ϭ0.878Ϯ0.009 is shown in Fig. 3 . Region I denotes the parameter regimes in which only the base state is stable, and region II, enclosed by the curves AB and AD, denotes where the base state became unstable to the fundamental axisymmetric mode via a period doubling. Region III denotes where the system is bistable, where the period doubled state and the base state coexist and are stable. The point Q corresponds to a quartic bifurcation point where all three bifurcations met. At this quartic point the period doubling bifurcation changes smoothly from subto supercritical. Hence, the path to the right of Q is the locus of supercritical period doubling bifurcations, that to the left is subcritical, and CQ is hence the path of saddle nodes.
Interesting new dynamical behavior was observed in the parameter range labeled IV in Fig. 3 . In this region, the period doubled state became unstable via a supercritical Hopf bifurcation to a state in which the lateral position of the maximal interfacial displacement precesses slowly about the center of the cell. The curve CD, which defines the righthand side of region IV, is the locus of these Hopf bifurcations. The frequency of precession was found to be independent of the control parameters and was measured to be 0.93 Ϯ0.05 Hz. An example of an experimental autocorrelation function obtained from the PSD signal when the system was in this precessing state is shown in Fig. 4 , and the corresponding experimental Poincaré section is shown in Fig. 5 . The vertical line CE in Fig. 3 defines the left-hand side of region IV and denotes the path of a periodic fold line. Reducing the drive frequency below this critical value causes the precessing state to collapse catastrophically to the base state. The path of periodic folds, Hopf bifurcation points, and SNs meet at point C, which is therefore a codimension-2 point. However, more complicated dynamical motion was not observed and the period of the oscillation did not show any strong dependence on control parameter in the vicinity of this point.
The stability diagrams were found to be qualitatively the same for all values of . However, there were quantitative variations in the critical points with . In order to probe them in a systematic manner, the neutral stability curve that defines region II in Fig. 3 was assumed to be given by the marginal stability curve for a subharmonic resonance of the linearly damped Mathieu equation
where the nondimensional time scale is defined in terms of the drive frequency f, as ϭ2 f t, the constant q is the linear quality factor of the fundamental axisymmetric mode defined in terms of the natural frequency f 0 and the linear damping factor ␥, as qϭ2 f 0 /␥. 16 The nondimensional control parameters ␣ and ␤ are defined as ␣ϭ f 0 2 / f 2 and ␤ϭA/L, where A is the experimental drive amplitude and L is a natural length scale related to the wave number of the fundamental axisymmetric mode.
The use of this model does not contradict the findings of Kumar and Tuckerman 5 since they consider only systems of infinite lateral extent. Here, the small dimensions of the system mean the effect of the sidewalls have a dominating effect on the total dissipation within the cell. Indeed, the estimate of the damping given by Eq. ͑1͒ was found to be a factor of 8 too small, for the fluids used here.
The marginal stability curve of Eq. ͑2͒ near ␣ϭ0.25 was calculated using the numerical continuation package AUTO 2000. 17 The experimental values of f 0 , q, and L were then measured using a least squares fit of the linear threshold data to this calculated curve and found to be almost independent of .
The variation of the shape and magnitude of the hysteretic region was also investigated as a function of . The experimental stability data were replotted in terms of the nondimensional control parameters ␣ and ␤ 2 Ϫ0.25q Ϫ2 . In these coordinates, the neutral stability data for all filling parameters collapses onto the same linear-order stability curve, allowing the variation of the nonlinear responses to be probed systematically as a function of the nondimensional control parameters. A stability diagram plotted in terms of the nondimensional control parameters is shown in Fig. 6 . The data points marked as ᭺ are the measured neutral stability points for all the experimental data sets. In the chosen coordinate system, these points collapse onto the solid curve, which is the subharmonic neutral stability curve of Eq. ͑2͒. The points marked as ᭝, ᭠, and ᭟ are the saddle node and periodic fold points for data sets with filling parameters equal to ϭ0.085Ϯ0.002, ϭ0.254Ϯ0.004, and ϭ0.848 Ϯ0.009, respectively.
The periodic fold line corresponding to the parameter values at which the precessing state became unstable and jumped catastrophically to the base state is a vertical line at ␣ϭ0.292Ϯ0.002 for all filling parameters. This corresponds to a drive frequency equal to f ϭ(1.851Ϯ0.006) f 0 . In the nondimensional coordinates, the locus of saddle node points varies linearly with ␣ over the parameter range investigated. Furthermore, the gradient of the saddle node line exhibits a systematic dependence on such that, at filling parameters near the limits →0 and →1, the gradient becomes very large and there is relatively little hysteresis present. A graph of the observed variation of the saddle-line gradient is shown in Fig. 7 with a solid curve through the data points as a guide to the eye.
The quantitative variation of the saddle node line with is an intrinsically nonlinear phenomena. Numerical investigation of nonlinear variants of Eq. ͑2͒ using AUTO 2000 suggested that the variation of the saddle node line gradient is dominated by the form of any dissipative terms in the model equations. This suggests that near the quartic point, the system is essentially governed by a single nonlinear variant of the Mathieu equation with some nonlinear damping function. It is this nonlinear damping function that is chiefly affected by the presence of the end walls of the cell. However, this simple model cannot explain the presence of the precessing state as there are insufficient degrees of freedom in the model for such a state to exist.
IV. CONCLUSIONS
In summary, we have measured bifurcation curves and stability diagrams associated with the onset of the fundamental axisymmetric mode of an interfacial Faraday waves system. These measurements were used in order to determine linear scaling parameters. At linear order, the measurements were found to be relatively insensitive to the filling parameter of the cell. However, finite amplitude results appeared to indicate that the presence of nonlinear damping within the system was important and varied significantly as a function of filling parameter. A secondary state was found in which the system underwent a Hopf bifurcation and the fundamental axisymmetric mode became unstable to a precessing state. This precessing state became unstable at a critical frequency equal to f c ϭ(1.851Ϯ0.006) f 0 independent of the filling parameter. This rather surprising result suggests that the position of the periodic fold line is determined primarily by some function of the cell radius, which remained unchanged for all the experimental work done to date. This remains an interesting avenue for further study.
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